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Abstract
Within the framework of the perturbative QCD approach, we calculate the time-like BcBc(B
∗
c )
form factors F (Q2) and A2(Q
2). We include relativistic corrections and QCD corrections, either of
which can give about 20% correction to the leading-order contribution, but there are cancellation
effects between them. We calculate the cross sections of the e+e− → B−c B+c (B∗+c ) processes. The
cross sections are enhanced at the Z pole to be σPP (Q = mZ) ∼ 1.3 × 10−5pb and σPV (Q =
mZ) ∼ 2.5 × 10−5pb, which are still too small to be detected by proposed e+e− colliders such as
the Circular Electron Positron Collider.
PACS numbers:
1
I. INTRODUCTION
The study of the Bc meson is of special interest, since it is the ground state of the doubly
heavy-flavored (b¯c) system, which is unique in the Standard Model. Both production and
decay processes of the Bc meson contain rich heavy quark dynamics, so they are worthy of
systematic study. Experimentally, observations of Bc mesons are so far available only at
hadron colliders [1]. Hadron colliders only provide limited knowledge of the production of
Bc mesons because the total collision energy cannot be well controlled. For Bc production
in e+e− colliders, the total collision energy can be well controlled and many meaningful ob-
servables, such as the angular distributions of final states, could be measured. Despite these
advantages, the Bc meson has not yet been observed in e
+e− colliders [2]. The production
rate is too small to have been observed at LEP. Nowadays, several high luminosity e+e−
facilities are proposed, such as the International Linear Collider (ILC), Circular Electron
Positron Collider (CEPC), and Future Circular Collider (FCC-ee). These e+e− colliders
could provide us with the opportunity to produce Bc mesons, especially at the Z-pole.
There are many studies of Bc meson decays [3–18]. The semi-inclusive production of
the Bc meson has also been investigated extensively [19–23]. However, the knowledge of
Bc production in exclusive processes is very limited. To deal with hard exclusive processes
involving heavy quark-anti-quark systems, two kinds of factorization approaches have been
proposed in the literature. One is the non-relativistic QCD (NRQCD) factorization approach
[24–27], in which the amplitude of the process can be factorized into the product of the short-
distance coefficient and NRQCD matrix-element. In the other approach (called collinear
factorization) the amplitude of the production process can be expressed as a convolution of
the hard-kernel and the universal light-cone distribution amplitude (LCDA) [28, 29]. The
LCDA of a large boosted Bc meson is defined by sandwiching the gauge invariant non-local
quark bilinear operators between the vacuum and the Bc state. For the leading-twist LCDA,
we have:
〈Bc(1S0, P )|(b¯Wc)(ωn+)n/+γ5(W †c c)(0)(ω)|0〉 = −ifPn+P
∫ 1
0
dx eiωn+PxφˆP (x;µ) , (1)
〈Bc(3S1, P, ε∗)|(b¯Wc)(ωn+)n/+(W †c c)(0)(ω)|0〉 = fVmV n+ε∗
∫ 1
0
dx eiωn+Pxφˆ
‖
V (x;µ) ,(2)
〈Bc(3S1, P, ε∗)|(b¯Wc)(ωn+)n/+γα⊥(W †c c)(0)(ω)|0〉 = f⊥V n+Pε∗α⊥
∫ 1
0
dx eiωn+Pxφˆ⊥V (x;µ) , (3)
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where the Wilson-line
Wc(x) = P exp
[
igs
∫ 0
−∞
ds n+A(x+ sn+)
]
, (4)
and φˆP (x), φˆV (x) and φˆ
⊥
V (x) are LCDAs of pseudo-scalar, longitudinally polarized and
transversely polarized vector Bc mesons, respectively. Using the “re-factorization” scheme
[30], the Bc-meson LCDA has been calculated to next-to-leading order with respect both to
the coupling constant and the velocity of the heavy quark [31–34].
Collinear factorization breaks down if there exists an endpoint singularity. A solution is
to introduce a transverse momentum to the parton, which is called kT factorization. The
PQCD approach based on kT factorization has been employed to study a large number of
exclusive processes [35–39], including pair production of light mesons [40–43]. In the present
paper we will employ the PQCD approach to study the exclusive Bc meson pair production
processes, i.e. e+e− → B−c B+c (B∗+c ). The amplitude can be divided into the leptonic part
and the hadronic part. The hadronic part is actually the time-like BcBc or BcB
∗
c form
factors and evaluating these form factors is the main object of this work. The form factors
will be calculated at the leading power in 1/Q (Q being the energy of the e+e− pair in the
center-of-mass frame), while power corrections from higher-twist LCDAs and quark mass
effects will be considered in the future.
This paper is organized as follows. In the next section we calculate time-like BcBc(B
∗
c )
form factors and cross sections of e+e− → B−c B+c (B∗+c ) processes using PQCD approach.
Numerical analysis is presented in the third section. The last section gives a summary.
II. TIME-LIKE FORM FACTORS IN THE PQCD APPROACH
The differential cross section of e+(k′)e−(k)→ γ∗, Z0 → B−c (P )B+c (P ′)(B∗+c ) is
dσ
dΩ
=
|k|
32π2Q3
1
4
∑
s,s′
|Aγ + AZ |2, (5)
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where s and s′ are the spins of the ingoing electron and positron respectively. The momentum
transfer q = k + k′ = P + P ′ and the energy scale Q =
√
q2. The amplitudes are
APPγ =
∑
q=b,c
−ie2eq
Q2
v¯(k′)γµu(k)(P ′ − P )µ F q(Q2),
APPZ =
i
√
2GFm
2
W
cos2 θW
∑
q=b,c
T q3 − 2eq sin2 θW
Q2 −m2Z + iΓZmZ
v¯(k′)γµ(−1
2
+ 2 sin2 θW +
1
2
γ5)u(k)
× (gµν − q
µqν
m2Z − iΓZmZ
)(P ′ − P )ν F q(Q2), (6)
APVγ =
∑
q=b,c
−ie2eq
Q2
v¯(k′)γµu(k)ǫµνρσε∗νB∗+c P
ρP
′σ V (Q2),
APVZ =
i
√
2GFm
2
W
cos2 θW
∑
q=b,c
1
Q2 −m2Z + iΓZmZ
v¯(k′)γµ(−1
2
+ 2 sin2 θW +
1
2
γ5)u(k)
× (gµλ − q
µqλ
m2Z − iΓZmZ
)
{
[T q3 − 2eq sin2 θW ]ǫλνρσε∗νB∗+c P
ρP
′σ V q(Q2)
− T q3 [Aq1(Q2)Q2ε∗λ + Aq2(Q2)ε∗ · q(P ′ − P )λ]
}
, (7)
where T b3 = −1/2 and T c3 = 1/2. The time-like form factors which appear in the above
amplitudes are defined by:〈
B+c (P
′)B−c (P ) |q¯γµq| 0
〉
= (P ′ − P )µ F q(Q2) ,〈
B∗+c (P
′)B−c (P ) |q¯γµq| 0
〉
= ǫµνρσε
∗ν
B∗+c
P ρP
′σ V q(Q2) ,〈
B∗+c (P
′)B−c (P ) |q¯γµγ5q| 0
〉
= Aq1(Q
2)(Q2ε∗µ − ε∗ · q qµ) + Aq2(Q2)ε∗ · q(P ′ − P )µ, (8)
where the equation of motion has been employed. Furthermore, form factors V q(Q2) and
Aq1(Q
2) vanish at leading power at tree level, and will not be considered in this work.
Substituting the above amplitudes into Eq. (5), we have
dσPP
dΩ
=
1
64π2Q2
{
{
∑
q=b,c
[(
e2eq
Q2
+ Zq1(Q
2 −m2Z))ImFq + Zq1mZΓZReFq]}2
+ {
∑
q=b,c
[(
−e2eq
Q2
− Zq1(Q2 −m2Z))ReFq + Zq1mZΓZImFq]}2
+ {
∑
q=b,c
[Zq2(Q
2 −m2Z)ImFq − Zq2mZΓZReFq]}2
+ {
∑
q=b,c
[Zq2(Q
2 −m2Z)ReFq + Zq2mZΓZImFq]}2
}
1
2
Q4 sin2 θ, (9)
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where Zq1 =
√
2GFm
2
W
cos2 θW
T
q
3−2eq sin2 θW
(Q2−m2
Z
)2+m2
Z
Γ2
Z
(−1
2
+2 sin2 θW ) and Z
q
2 =
√
2GFm
2
W
cos2 θW
T
q
3−2eq sin2 θW
(Q2−m2
Z
)2+m2
Z
Γ2
Z
1
2
. For
the BcB
∗
c channel, we have
dσPV
dΩ
=
1
32π2
[
GFm
2
W
cos2 θW
1
(Q2 −m2Z)2 +m2ZΓ2Z
]2[
{
∑
q=b,c
[(Q2 −m2Z)ImAq2 −mZΓZReAq2]T q3 }2
+ {
∑
q=b,c
[(Q2 −m2Z)ReAq2 +mZΓZImAq2]T q3 }2
]
(
1
2
+ 4 sin4 θW − 2 sin2 θW )
× Q
4 sin2 θ
2
(
Q2
4m2B∗c
− 1). (10)
In the proposed forthcoming accelerators, the collision energy in the center-of-mass frame
is much larger than the masses of the b quark and c quark. In this paper, we concentrate
on the leading power result of the relevant time-like form factors. Power suppressed con-
tributions, such as quark mass effects and corrections from higher-twist LCDA, which may
be important when Q2 is not large enough, will be neglected in our calculations. In the
PQCD approach, form factors are factorized into a convolution of the transverse momentum
dependent (TMD) wave function and the hard scattering kernel. The tree-level hard kernel
can be obtained by computing the Feynman diagrams plotted in Fig. 1. In the calculation,
we choose the momentum fractions of charm quarks in the B−c meson and B
+(∗)
c meson to
be x and y respectively. For form factors F q, we have
F b(Q2) =
2πf 2BcCF
Nc
Q2
∫ 1
0
dxdy
∫ ∞
0
b1db1b2db2 αs(t) [−xPPI(x, b1)PPII(y, b2)]
×H(x, y, Q, b1, b2) exp [−S(x, y, b1, b2, Q)] ,
F c(Q2) =
2πf 2BcCF
Nc
Q2
∫ 1
0
dxdy
∫ ∞
0
b1db1b2db2 αs(t) [−x¯PPI(x, b1)PPII(y, b2)]
×H(x¯, y¯, Q, b1, b2) exp [−S(x, y, b1, b2, Q)] , (11)
where x¯ = 1− x. The hard function is:
H(x, y, Q, b1, b2)=
(
iπ
2
)2
H
(1)
0 (
√
xy Qb2)
[
θ(b1 − b2)H(1)0 (
√
xQb1)J0(
√
xQb2)
+ θ(b2 − b1)H(1)0 (
√
xQb2)J0(
√
xQb1)
]
. (12)
The TMD wave function is:
PP (x,b) = φˆP (x)Σ(x,b), (13)
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where Σ(x, b) is the transverse momentum dependent part. The LCDAs can be expressed
in the following expansions,
φˆP (x) = φˆ
(0,0)
P (x) + φˆ
(1,0)
P (x) + φˆ
(0,1)
P (x), (14a)
φˆ
||
V (x) = φˆ
||(0,0)
V (x) + φˆ
||(1,0)
V (x) + φˆ
||(0,1)
V (x), (14b)
where the superscript (i, j) denotes the order of αs and v
2-expansion. In order to express
the form factors in terms of αs expansion, we write
P(x,b) = P(0)(x,b) + P(1)(x,b) + ..., (15a)
P(0)(x,b) = [φˆ(0,0)(x) + φˆ(0,1)(x)]Σ(x, b),
P(1)(x,b) = φˆ(1,0)(x)Σ(x, b). (15b)
A typical value of x is x ∼ x0 = mcmb+mc . We have xQ2 ≫ k2T when the energy scale Q
is large, thus we can drop the transverse momentum in the quark propagator. Then form
factors can then be simplified as
F b(LO)(Q
2) = i
π2f 2BcCFαs(µ)
Nc
∫ 1
0
dxdy
∫ ∞
0
dbbPPI(x)PPII(y)
× exp[−SI(x, y, b, Q, µ)]H(1)0 (
√
xyQb), (16)
F c(LO)(Q
2) = i
π2f 2BcCFαs(µ)
Nc
∫ 1
0
dxdy
∫ ∞
0
dbbP(0)PI (x)P(0)PII(y)
× exp[−SI(x, y, b, Q, µ)]H(1)0
(√
x¯y¯Qb
)
, (17)
where SI(x, y, b, Q, µ) ≡ S(x, b, y, b, Q, µ) and the Hankel function H(1)0 (x) = J0(x) + iY0(x).
Form factors A
(b,c)
2 are related to F
(b,c) at tree level, as shown in Eqs. (A18,A19):
Ab2,(LO)(Q
2) = −π
2fBcf
‖
VmVCFαs(µ)
Q2Nc
∫ 1
0
dxdy
∫ ∞
0
dbbPPI(x)PV ||II(y)
× exp[−SI(x, y, b, Q, µ)]H(1)0 (
√
xyQb),
Ac2,(LO)(Q
2) =
π2fBcf
‖
VmVCFαs(µ)
Q2Nc
∫ 1
0
dxdy
∫ ∞
0
dbbPPI(x)PV ||II(y)
× exp[−SI(x, y, b, Q, µ)]H(1)0
(√
x¯y¯Qb
)
. (18)
The QCD corrections to form factors are of great importance in theoretical analysis. In
the PQCD approach, NLO corrections to the time-like pion electromagnetic form factors
have been calculated by Li et al [42]. In this paper, we consider NLO corrections to the
form factors F q. The calculation of NLO corrections in the PQCD approach is tediously
6
e−
e+
γ∗, Z
b¯
b
c
c¯
e−
e+
γ∗, Z
b¯
b
c
c¯
e−
e+
γ∗, Z
c
c¯
b¯
b
e−
e+
γ∗, Z
c
c¯
b¯
b
FIG. 1: Feynman diagrams for e+e− → B−c B+(∗)c .
complicated. To simplify the PQCD calculation, the hierarchy xQ2, yQ2 ≫ xyQ2 ∼ k2T is
postulated. As the quark masses have been neglected, the NLO hard kernel can be borrowed
directly from [42]:
H
(NLO)
F (x, k1T , y, k2T , Q
2, µ) = h(x, y, δ12, Q, µ)H
(LO)
F (x, k1T , y, k2T , Q
2), (19)
where
h(x, y, δ12, Q, µ) =
αs(µ)CF
4π
[
− 3
4
ln
µ2
Q2
− 17
4
ln2 x+
27
8
lnx ln y − 13
8
ln x+
31
16
ln y
− ln2 δ12 +
(
17
4
ln x+
23
8
+ i2π
)
ln δ12 +
π2
12
+
1
2
ln 2 +
53
4
− i3π
4
]
,(20)
and
ln δ12 ≡ ln
∣∣|k1T + k2T |2 − xyQ2∣∣
Q2
+ iπΘ
(|k1T + k2T |2 − xyQ2) . (21)
Including the NLO hard kernel and performing a Fourier transform of Eq. (19), we derive
the TMD factorization formula of form factors F q at leading power,
F bNLO(Q
2) = i
πf 2BcC
2
F
4Nc
∫ 1
0
dxdy
∫ ∞
0
dbb α2s(µ)P(0)PI (x)P(0)PII(y) exp[−SI(x, y, b, Q, µ)]
×
[
h˜(x, y, b, Q, µ)H
(1)
0 (
√
xyQb) +H
(1)′′
0 (
√
xyQb)
]
,
F cNLO(Q
2) = i
πf 2BcC
2
F
4Nc
∫ 1
0
dxdy
∫ ∞
0
dbb α2s(µ)P(0)PI (x)P(0)PII(y) exp[−SI(x, y, b, Q, µ)]
×
[
h˜(x¯, y, b, Q, µ)H
(1)
0 (
√
x¯y¯Qb) +H
(1)′′
0
(√
x¯y¯Qb
)]
, (22)
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where
h˜(x, y, b, Q, µ) = −3
4
ln
µ2
Q2
− 1
4
ln2
4xy
Q2b2
+
(
17
8
ln x+
23
16
+ γE + i
π
2
)
ln
4xy
Q2b2
− 17
4
ln2 x+
27
8
ln x ln y −
(
13
8
+
17γE
4
− i17π
8
)
ln x+
31
16
ln y
− π
2
2
+ (1− 2γE)π + 1
2
ln 2 +
53
4
− 23
8
γE − γ2E + i
(
171
16
+ γE
)
π. (23)
III. NUMERICAL ANALYSIS
The most important nonperturbative input is the LCDA of the Bc meson, which can be
studied with non-relativistic QCD effective theory as both internal quarks are heavy. At
tree level and at leading order in the expansion over the relative velocity, the quark and the
antiquark simply share the momentum of the meson according to their masses,
φˆ
(0,0)
P (x) = φˆ
‖(0,0)
V (x) = δ(x− x0). (24)
If we include the gluon exchange effect and the power correction relevant to the quark
velocity, the parton configuration will be changed. Explicit expressions of φˆ(0,1)(x) are given
by [33]
φˆ
(0,1)
P (x) = −
〈q2〉P
M2
[2(1− 2x0)
3x0x¯0
δ′(x− x0)− 1
6
δ′′(x− x0)
]
, (25)
φˆ
‖(0,1)
V (x) = φˆ
⊥(0,1)
V (x) = −
〈q2〉V
M2
[2(1− 2x0)
3x0x¯0
δ′(x− x0)− 1
6
δ′′(x− x0)
]
, (26)
where M = mb +mc and 〈q2〉P,V are the mean values of q2 in scalar and vector Bc mesons
respectively. For QCD corrections to the LCDAs, we have
φˆ
(1,0)
P (x;µ) =
αs
4π
CF
{
Φ1(x, x0)
}
, (27)
φˆ
‖(1,0)
V (x;µ) =
αs
4π
CF
{
Φ1(x, x0)− 4
[
x
x0
θ(x0 − x) + (x↔ x¯, x0 ↔ x¯0)
]
+
}
, (28)
with
Φ1(x, x0) = 2
[(
ln
µ2
M2(x0 − x)2 − 1
)(
x0 + x¯
x0 − x
x
x0
θ(x0 − x) + (x↔ x¯, x0 ↔ x¯0)
)]
+
+
[
4xx¯
(x0 − x)2
]
++
+
[
4x0x¯0 ln
x0
x¯0
+ 2(2x0 − 1)
]
δ′(x− x0) . (29)
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Here we adopt the NDR scheme of γ5, as the NLO hard kernel is also obtained in this
scheme. The ++- and +-distributions are defined as∫ 1
0
dx
[
f(x)
]
++
g(x) =
∫ 1
0
dxf(x)(g(x)− g(x0)− g′(x0)(x− x0)), (30a)∫ 1
0
dx
[
f(x)
]
+
g(x) =
∫ 1
0
dxf(x)(g(x)− g(x0)) , (30b)
where g(x) is a smooth test function. Because LCDA with v and αs corrections contains a
Dirac-δ function or plus distribution, we need to integrate over the momentum fraction x
first. The results are given in the Appendix.
For the TMD wave function, we use
Σ(x,b) = exp
(
− b
2
4β2
)
. (31)
The input parameters are listed in Table I.
parameter value parameter value
mb 4.8 GeV mc 1.6 GeV
mW 80.425 GeV mZ 91.1876 GeV
mBc 6.2749 〈q2〉 1.59 GeV2
ΓZ 2.4952 GeV sin
2θW 0.23129
nf 5 Λ 0.217 GeV
γE 0.57721566 GF 1.166391×10−5 GeV−2
β 2 GeV−1 fBc 0.489±0.005 GeV
TABLE I: Parameters used for numerical analysis.
We are now ready to evaluate the numerical results of the form factors and cross sections.
We first concentrate on the Q dependence of the time-like form factors. In the PQCD
approach the time-like form factors are complex, as the internal quark line may be on-shell.
The absolute values of form factors F c and F b are plotted in Fig. 2. We do not show form
factors Ac2 and A
b
2, since they are related to F
c and F b. From the left-hand plot, we can see
that the absolute value of form factor F c (the dot-dashed blue curve) is about an order or
magnitude smaller than that of F b (the solid black curve) because the wave function of Bc
meson is not symmetrical between charm quark and bottom quark, so the invariant mass of
the internal gluon propagator is much larger in F c. To illustrate the effects of relativity and
9
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FIG. 2: Shape of Q2|F cBc | and Q2|F bBc |. Left: the total results of F b and F c are presented by the
solid black curve and the dot-dashed blue curve respectively. Right: the solid black, dotted black,
dot-dashed red and dashed blue line are the total result, leading order results, NLO correction and
relativistic correction of F b, respectively.
the QCD corrections we plot the form factor F b with these contributions. As we can see from
the right-hand plot, contributions from both relativistic corrections (the dashed blue curve)
and NLO corrections (the dot-dashed red curve) are about 20% of the LO contribution (the
dotted black curve). However, there is cancellation between the two kinds of corrections
and the total result is very close to the leading order contribution. Power corrections from
higher-twist LCDAs and quark masses are not included, but they are not very significant at
large Q2.
Taking advantage of the form factors computed with the PQCD approach, the total cross
sections of e+e− → B−c B+(∗)c are depicted in Fig. 3. The factorization scale µ is taken to
be µ = Q for the central value and µ ∼ [Q/2, 2Q] for the error estimate. The solid black
curves correspond to central values and the dashed blue and dot-dashed red lines represent
the errors of the cross sections. Considering fBc only causes tiny errors because of its high
accuracy, the cross sections at our kinematic region are not sensitive to the variation of
factorization scale. As expected, the cross section has a significant peak at the Z pole
(Q = mZ) and the maximum values of the cross sections are σ
PP (Q = mZ) ∼ 1.3× 10−5pb
10
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FIG. 3: Cross sections of e+e− → B−c B+(∗)c with errors from variations of the factorization scale
µ and Bc-meson decay constant fBc. The solid black, dashed blue and dot-dashed red curves
correspond to central, upper and lower values of cross sections, respectively. The kinematic region
of the left two diagrams is 50− 250 GeV and that of the right two diagrams is around the Z pole.
and σPV (Q = mZ) ∼ 2.5 × 10−5pb. They are so small that it is almost hopeless to detect
a B−c B
+(∗)
c pair in an e+e− collider at the Z pole. This result is quite different from BB¯
production, which is enhanced by a low energy resonance. For single Bc production in
semi-inclusive processes, the cross section is much larger [23], and can be reached by a high
luminosity e+e− collider.
IV. SUMMARY
Bc production processes are important because the Bc meson has unique properties and
is worthy of a thorough study. Within the framework of the PQCD approach, we calculated
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the time-like form factors F q(Q2) and Aq2(Q
2) at leading power in 1/Q. The form factors
are factorized into a convolution of the transverse momentum dependent wave function and
the hard kernel. The wave functions employed in this work, including QCD corrections
and relativistic corrections, have recently been studied using NRQCD. We evaluate the
effects of relativistic corrections and QCD corrections of the form factors numerically. Both
relativistic and QCD corrections can give about 20% correction to the LO contribution, but
there are cancellation effects between them. We further worked out the cross sections of
e+e− → B−c B+c (B∗+c ) processes. The cross sections are enhanced at the Z pole, but they are
still too small to be detected in future accelerators such as the CEPC.
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Appendix A: Results after momentum fraction integration
1. Tree level
a. Leading power in v
F b(LO)(Q
2) = ifPPc
∫ ∞
0
dbb exp[−SI(x0, x0, b, Q, µ)]H(1)0 (x0Qb)φ2T (b), (A1)
F c(LO)(Q
2) = ifPPc
∫ ∞
0
dbb exp[−SI(x0, x0, b, Q, µ)]H(1)0 (x¯0Qb)φ2T (b), (A2)
Ab2,(LO)(Q
2) = −f
‖
VmV Pc
Q2
∫ ∞
0
dbb exp[−SI(x0, x0, b, Q, µ)]H(1)0 (x0Qb)φ2T (b), (A3)
Ac2,(LO)(Q
2) =
f
‖
VmV Pc
Q2
∫ ∞
0
dbb exp[−SI(x0, x0, b, Q, µ)]H(1)0 (x¯0Qb)φ2T (b), (A4)
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where Pc = π
2fPCFαs(µ)/Nc, x¯0 = 1−x0, SI(x, y, b, Q, µ) ≡ S(x, b, y, b, Q, µ) and H(1)n (x) =
Jn(x)+ iYn(x). We use the LQCD decay constant [45] fB = 0.489 GeV. The Sudakov factor
is
S(x, b1, y, b2, Q, µ) =s(x, b1, Q) + s(x¯, b1, Q) + 2se(µ, b1)
+ s(y, b2, Q) + s(y¯, b2, Q) + 2se(µ, b2),
se(µ, b) =− 1
2β1
ln
ln(µ2/Λ2)
ln[1/(b2Λ2)]
, (A5)
s(ξ, b) =
A(1)
2β1
qˆ ln
( qˆ
bˆ
)
− A
(1)
2β1
(
qˆ − bˆ
)
+
A(2)
4β21
( qˆ
bˆ
− 1
)
− A
(1)β2
4β31
qˆ
[
ln(2bˆ) + 1
bˆ
− ln(2qˆ) + 1
qˆ
]
−
[
A(2)
4β21
− A
(1)
4β1
ln
(e2γE−1
2
)]
ln
( qˆ
bˆ
)
+
A(1)β2
8β31
[
ln2(2qˆ)− ln2(2bˆ)], (A6)
where
qˆ ≡ ln
[ ξQ√
2ΛQCD
]
, bˆ ≡ ln
[ 1
bΛQCD
]
, (A7)
A(1) =
4
3
, A(2) =
67
9
− π
2
3
− 10
27
nf +
8
3
β1 ln
(eγE
2
)
. (A8)
b. NRQCD corrections
The δ′ term − 〈q2〉
(mb+mc)2
2(1−2x0)
3x0x¯0
δ′(x− x0)
F b,NR,I(LO) (Q
2) = 2ifPPc
〈q2〉
(mb+mc)2
2(1−2x0)
3x0x¯0
∫∞
0
dbbexp[−SI(x0, x0, b, Q, µ)]
×
{[
sp(x¯0, b, Q)− sp(x0, b, Q)
]
H
(1)
0 (x0Qb)− H
(1)
1 (x0Qb)
2
Qb
}
φ2T (b), (A9)
F c,NR,I(LO) (Q
2) = 2ifPPc
〈q2〉
(mb+mc)2
2(1−2x0)
3x0x¯0
∫∞
0
dbbexp[−SI(x0, x0, b, Q, µ)]
×
{[
sp(x¯0, b, Q)− sp(x0, b, Q)
]
H
(1)
0 (x¯0Qb) +
H
(1)
1 (x¯0Qb)
2
Qb
}
φ2T (b), (A10)
Ab,NR,I2,(LO) (Q
2) = i
f
‖
V
mV
fPQ2
F b,NR,I(LO) (Q
2), (A11)
Ac,NR,I2,(LO) (Q
2) = −if
‖
V
mV
fPQ2
F c,NR,I(LO) (Q
2). (A12)
sp(ξ, b, Q) =
ds(ξ, b, Q)
dξ
=
1
4ξβ1
{
A(1)
(
2 ln
qˆ
bˆ
+
1
qˆ
ln
e2γE−1
2
)
+
A(1)β2
β21
[ ln(2qˆ) + 1
qˆ
− ln(2bˆ) + 1
bˆ
]
+
A(2)
β1
(1
bˆ
− 1
qˆ
)}
,
(A13)
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ds(ξ¯, b, Q)
dξ
=− sp(ξ¯, b, Q), (A14)
dH
(1)
n (x)
dx
=
nH
(1)
n (x)
x
−H(1)n+1(x). (A15)
The δ′′ term 〈q
2〉
6(mb+mc)2
δ′′(x− x0)
F b,NR,II(LO) (Q
2) = 2ifPPc
〈q2〉
6(mb+mc)2
∫∞
0
dbbexp[−SI(x0, x0, b, Q, µ)]
×
{
[sp(x¯0)− sp(x0)]
{
[sp(x¯0)− sp(x0)]H(1)0 (x0Qb)− Qb2 H(1)1 (x0Qb)
}
−[spp(x¯0) + spp(x0)]H(1)0 (x0Qb)−[sp(x¯0)− sp(x0)]Qb2 H(1)1 (x0Qb)
+Q
2b2
4
H
(1)
2 (x0Qb)
}
φ2T (b), (A16)
F c,NR,II(LO) (Q
2) = 2ifPPc
〈q2〉
6(mb+mc)2
∫∞
0
dbbexp[−SI(x0, x0, b, Q, µ)]
×
{
[sp(x¯0)− sp(x0)]
{
[sp(x¯0)− sp(x0)]H(1)0 (x¯0Qb) + Qb2 H(1)1 (x¯0Qb)
}
−[spp(x¯0) + spp(x0)]H(1)0 (x¯0Qb) + [sp(x¯0)− sp(x0)]Qb2 H(1)1 (x¯0Qb)
+Q
2b2
4
H
(1)
2 (x¯0Qb)
}
φ2T (b), (A17)
Ab,NR,II2,(LO) (Q
2) = i
f
‖
V
mV
fPQ2
F b,NR,II(LO) (Q
2), (A18)
Ac,NR,II2,(LO) (Q
2) = −if
‖
V
mV
fPQ2
F c,NR,II(LO) (Q
2), (A19)
spp(ξ, b, Q) =
dsp(ξ, b, Q)
dξ
=
1
4ξ2β1
{
A(1)
qˆ
[
2− ln(e
2γE−1/2)
qˆ
]
− A
(1)β2
β21
ln(2qˆ)
qˆ2
+
A(2)
β1qˆ2
−
[
A(1)
(
2 ln
qˆ
bˆ
+
1
qˆ
ln
e2γE−1
2
)
+
A(1)β2
β21
[ ln(2qˆ) + 1
qˆ
− ln(2bˆ) + 1
bˆ
]
+
A(2)
β1
(1
bˆ
− 1
qˆ
)]}
.
(A20)
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2. One-loop level
The NLO correction from the hard kernel is:
F b,I(NLO)(Q
2) = ifPPc
αs(µ)CF
4pi
∫∞
0
dbb exp[−SI(x0, x0, b, Q, µ)]φ2T (b)
×
[
h˜(x0, x0, b, Q, µ)H
(1)
0 (x0Qb) +
ln2(x0Qb)
3
H
(1)
0 (x0Qb)
]
, (A21)
F c,I(NLO)(Q
2) = ifPPc
αs(µ)CF
4pi
∫∞
0
dbb exp[−SI(x0, x0, b, Q, µ)]φ2T (b)
×
[
h˜(x¯0, x¯0, b, Q, µ)H
(1)
0 (x¯0Qb) +
ln2(x¯0Qb)
3
H
(1)
0 (x¯0Qb)
]
. (A22)
We add the one-loop corrections from the two wave functions together. We rewrite the
wave function as :
φˆ
(1,0)
P (x) =
αsCF
4π
[φˆI(x) + φˆII(x)], (A23)
φˆI(x) =2
[(
ln
µ2
(mb +mc)2(x0 − x)2 − 1
)
x0 + x¯
x0 − x
x
x0
θ(x0 − x)
]
+
+2
[(
ln
µ2
(mb +mc)2(x0 − x)2 − 1
)
x¯0 + x
x¯0 − x¯
x¯
x¯0
θ(x− x0)
]
+
+
[
4xx¯
(x0 − x)2
]
++
, (A24)
φˆII(x) =
[
4x0x¯0 ln
x0
x¯0
+ 2(2x0 − 1)
]
δ′(x− x0). (A25)
The NLO corrections from φˆI are:
F b,II(NLO)(Q
2) = 2ifPPc
αsCF
4pi
∫ 1
0
dx
∫∞
0
dbb
{
exp[−SI(x, x0, b, Q, µ)]H(1)0 (
√
xx0Qb)
− exp[−SI(x0, x0, b, Q, µ)]H(1)0 (x0Qb)
}
Ψ(x)φ2T (x, b)
−2ifPPc αsCF4pi
∫ 1
0
dx
∫∞
0
dbb 4xx¯
(x−x0)exp[−SI(x0, x0, b, Q, µ)]
×
{[
sp(x¯0, b, Q)− sp(x0, b, Q)
]
H
(1)
0 (x0Qb)− H
(1)
1 (x0Qb)
2
Qb
}
φ2T (b), (A26)
F c,II(NLO)(Q
2) = 2ifPPc
αsCF
4pi
∫ 1
0
dx
∫∞
0
dbb
{
exp[−SI(x, x0, b, Q, µ)]H(1)0 (
√
x¯x¯0Qb)
− exp[−SI(x0, x0, b, Q, µ)]H(1)0 (x¯0Qb)
}
Ψ(x)φ2T (x, b)
−2ifPPc αsCF4pi
∫ 1
0
dx
∫∞
0
dbb 4xx¯
(x−x0)exp[−SI(x0, x0, b, Q, µ)]
×
{[
sp(x¯0, b, Q)− sp(x0, b, Q)
]
H
(1)
0 (x¯0Qb) +
H
(1)
1 (x¯0Qb)
2
Qb
}
φ2T (b), (A27)
Ψ(x) =2
(
ln
µ2
(mb +mc)2(x0 − x)2 − 1
)
x0 + x¯
x0 − x
x
x0
θ(x0 − x)
+ 2
(
ln
µ2
(mb +mc)2(x0 − x)2 − 1
)
x¯0 + x
x− x0
x¯
x¯0
θ(x− x0) + 4xx¯
(x0 − x)2 . (A28)
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The NLO corrections from φˆII are:
F b,III(NLO)(Q
2) = αsCF
4pi
[
4x0x¯0 ln
x0
x¯0
+ 2(2x0 − 1)
]
/
[
− 〈q2〉
(mb+mc)2
2(1−2x0)
3x0x¯0
]
F b,NR,I(LO) (Q
2), (A29)
F c,III(NLO)(Q
2) = αsCF
4pi
[
4x0x¯0 ln
x0
x¯0
+ 2(2x0 − 1)
]
/
[
− 〈q2〉
(mb+mc)2
2(1−2x0)
3x0x¯0
]
F c,NR,I(LO) (Q
2). (A30)
The NLO corrections from the decay constant and Sudakov factor are:
F b,IV(NLO)(Q
2) =i(2fNLOP )fPPc
∫ ∞
0
dbb exp[−SI(x0, x0, b, Q, µ)]H(1)0 (x¯0Qb)φ2T (b)
−ifPPc
∫ ∞
0
dbb exp[−SI(x0, x0, b, Q, µ)]SNLOI (x0, x0, b, Q, µ)H(1)0 (x0Qb)φ2T (b), (A31)
F c,IV(NLO)(Q
2) =i(2fNLOP )fPPc
∫ ∞
0
dbb exp[−SI(x0, x0, b, Q, µ)]H(1)0 (x¯0Qb)φ2T (b)
−ifPPc
∫ ∞
0
dbb exp[−SI(x0, x0, b, Q, µ)]SNLOI (x0, x0, b, Q, µ)H(1)0 (x¯0Qb)φ2T (b), (A32)
where SNLOI (x, y, b, Q, µ) ≡ SNLO(x, b, y, b, Q, µ).
fNLOP =
αs(mBc)CF
4π
(
3 ln
mBc
mc
− 4
)
,
SNLO(x, b1, y, b2, Q, µ) = sNLO(x, b1, Q) + sNLO(x¯, b1, Q) + 2seNLO(µ, b1)
+ sNLO(y, b2, Q) + sNLO(y¯, b2, Q) + 2seNLO(µ, b2),
seNLO(µ, b) =
β2
2β31
{
ln ln[1/(b2Λ2)] + 1
ln[1/(b2Λ2)]
− ln ln(µ
2/Λ2) + 1
ln(µ2/Λ2)
}
, (A33)
sNLO(ξ, b) =
A(1)β2
8β31
ln
(
e2γ−1
2
)[
ln(2qˆ) + 1
qˆ
− ln(2bˆ) + 1
bˆ
]
− A
(1)β2
16β41
qˆ − bˆ
bˆ2
[
2 ln(2bˆ) + 1
]
− A
(1)β2
16β41
[
2 ln(2qˆ) + 3
qˆ
− 2 ln(2bˆ) + 3
bˆ
]
+
A(2)β22
432β61
qˆ − bˆ
bˆ3
[
9 ln2(2bˆ) + 6 ln(2bˆ) + 2
]
+
A(2)β22
1728β61
[
18 ln2(2qˆ) + 30 ln(2qˆ) + 19
qˆ2
− 18 ln
2(2bˆ) + 30 ln(2bˆ) + 19
bˆ2
]
, (A34)
F b(Q2) =F b(LO) + F
b,NR,I
(LO) + F
b,NR,II
(LO) + F
b,I
(NLO) + F
b,II
(NLO) + F
b,III
(NLO) + F
b,IV
(NLO), (A35)
F c(Q2) =F c(LO) + F
c,NR,I
(LO) + F
c,NR,II
(LO) + F
c,I
(NLO) + F
c,II
(NLO) + F
c,III
(NLO) + F
c,IV
(NLO), (A36)
Ab2(Q
2) =Ab2,(LO) + A
b,NR,I
2,(LO) + A
b,NR,II
2,(LO) , (A37)
Ac2(Q
2) =Ac2,(LO) + A
c,NR,I
2,(LO) + A
c,NR,II
2,(LO) . (A38)
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